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ABSTRACT 

Nonlinear analysis methods are developed which will enable 

the reliable prediction of the dynamic behavior of the space 

shuttle main engine (SSME) turbopumps in the presence of bear- 

ing clearances and other local nonlinearities. 

A computationally efficient convolution method, based on 

discretized Duhamel and transition matrix integral formula- 

tions, is developed for the transient analysis. In the formu- 

lation, the coupling forces due to the nonlinearities are 

treated as external forces acting on the coupled subsystems. 

Iteration is utilized to determine their magnitudes at each 

time increment. The method is applied to a nonlinear generic 

model of the high pressure oxygen turbopump (HPOTP). As 

compared to the fourth order Runge Kutta numerical integration 

methods, the convolution approach proved to be more accurate 

and highly more efficient. 

For determining the nonlinear, steady-state periodic 

responses, an incremental harmonic balance (IHB) method was 

also developed. The method w a s  successfully used to determine 

dominantly harmonic and subharmonic (subsynchronous) responses 

of the HPOTP generic model with bearing clearances. A reduc- 

tion method similar to the impedance formulation utilized with 

linear systems is used to reduce the housing-rotor models to 

their coordinates at the bearing clearances. 

Recommendations are included for further development of 

the method, for extending the analysis to aperiodic and chaotic 

regimes and for conducting critical parametric studies of the 

nonlinear response of the current SSME turbopumps. 
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NOMENCLATURE 

b!9 = Cosine coefficients associated with Master degrees 

of freedom 
0 

= nth cosine coefficient of the steady state solution 

t AAm 1 = Incremental vector of {Am} 
i i 

AnxrAny 

in x, y-direction at ith node 

t A 9  = Cosine coefficients associated with Slave degrees of 

freedom 
i i 

BnxrEny = nth since coefficient of the steady state solution 

in x, y-direction at ith node 

[‘C.l = Structural damping matrix 

tcnl = Constant cosine coefficient vector of nonlinear 
force 

CnxrCny = nth cosine coefficient of nonlinear force in x, 

y-direction 

tCI9 = Cosine coefficients of nonlinear force associated 

Master degree of freedom 

tc:1 = Cosine coefficients of nonlinear force associated 

Slave degree of freedom 

[Dl = Generalized damping matrix of rotor model 

tDn1 = Constant sine coefficient vector of nonlinear force 

DnxtDny = nth sine coefficient of nonlinear force in x, 

y-direction 

e = Mass eccentricity of disks 

{fix,fiy}= Nonlinear restoring force vector in x, y-direction 

at ith node 
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= Imbalance forces on rotor 

= The coupling force vector on the housing due to the 

rotor 

= Imbalance force vector of cosine, sine terms 

= Gyroscopic matrix 

= x,y rectilinear housing displacement at ith node 

= Identity matrix 

= Structural stiffness matrix 

= Bearing stiffness 

= Equivalent constant coefficient stiffness matrix 

= Mass matrix 

= Generalized force (modal force) 

= Generalized displacement (modal displacement) 

= Transition matrix 

= Trigonometric coefficients associated with Master 

degrees of freedom 

= Trigonometric coefficients with nth harmonic mode in 

Master degree of freedom 

= Incremental vector form of 

= Trigonometric coefficients associated Slave degrees 

0 
{cmn) 

of freedom 

= Overall incremental coefficient vector 

= x,y rectilinear displacement at ith node 

= Total trigonometric coefficient matrix 

= Equivalent trigonometric coefficient matrix 

= Overall coefficient matrix 
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t 

T 

ti 

tu} 

= Time 

= Time increment 

= Time at iT 
9 

= { .}, Generalized coordinates of rotor 
9 

= equivalent trigonometric force vector 

= Overall incremental coefficient vector of nonlinear 

force 

= Constant trigonometric coefficient vector of 

nonlinear force 

twml = Trigonometric coefficients of nonlinear force 

associated with blaster degree of freedom 

= Trigonometric vector of nonlinear force with nth 0 t Wmn l 
harmonic mode in blaster degree of freedom 

0 {AWmn} = Incremental vector of {Wmn} 

tzl = Overall force vector 

BiziBiy = Rational displacement in x,y-direction at ith node 

6 = Gap s i z e  

V = Subharmonic ratio 

[a 1 = The rotor state matrix 

[ ' A , ]  = Diagonal eigenvalue matrix 

0 s w  = Spinning speed of rotor 

[ ' Y I  = Normalized modal matrix 

5 = Damping ratio 

WnrWd = Natural frequency and damped natural frequency 

[OI = Null matrix 
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Superscr ipt  

i = i t h  node 

Y = The node number a t  wh ich  d i s k  is l o c a t e d  

Subscr ipt  

B, b 

H 

E 

I 

i 

L 

N 

M 

R 

m 

n 

S 

X 

Y 

x t y t z  

= B e a r i n g  r e l a t e d  t e r m  

= Housing r e l a t e d  t e r m  

= E x t e r n a l ,  imba lance  

= C o u p l i n g  

= i t h  t i m e  i n c r e m e n t  

= T o t a l  number of d e g r e e s  of f reedom a s s o c i a t e d  w i t h  

l i n e a r  mot ion  

= T o t a l  number of d e g r e e s  of f r eedom a s s o c i a t e d  w i t h  

n o n l i n e a r  c o u p l i n g  nodes  

= T o t a l  number of d e g r e e s  of f reedom (M = L+N) 

= R o t o r  r e l a t e d  te rm 

= M a s t e r  d e g r e e  of f r eedom 

= n t h  ha rmon ic  mode 

= Slave degree of freedom 

= x - d i r e c t i o n  

= y - d i r e c t i o n  

= x , y , z - d i r e c t i o n  

Other Symbols 

t l  = V e c t o r  

[ I  = Square  m a t r i x .  

[ '  . I  = D i a g o n a l  m a t r i x  

{ I  = Column m a t r i x  
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[ 1-l = Inverse of a matrix 

[ I T  = Transpose of a matrix 
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1. INTRODUCTION 

1.1 Backaround 

Modern complex  r o t a t i n g  m a c h i n e r y  c o n t a i n  v a r i o u s  s o u r c e s  

of s t r o n g  n o n l i n e a r i t i e s .  These  i n c l u d e  c l e a r a n c e s  i n  b e a r -  

i n g s ,  g e a r s  and  s p l i n e s ,  r u b b i n g  i n  s p l i n e s ,  s e a l s  and  rotor 

b l a d e s ,  s q u e e z e  f i l m  dampers  and o t h e r  f l u i d  e f fec ts .  Cbse rved  

n o n l i n e a r  b e h a v i o r  of a c t u a l  rotor  s y s t e m s  i n c l u d e s  jump 

d i s c o n t i n u i t i e s  ( E r i c h ,  19661,  l a rge  s u b s y n c h r o n o u s  m o t i o n  

( B e n t l y ,  1 9 7 9 ,  Pluszynska, 1 9 8 4 ,  and  B e a t t y ,  1 9 8 5 ) ,  q u a s i - p e r i -  

o d i c  r e s p o n s e  and  p o s s i b l e  c h a o s  ( N e i l s o n  and  Bar r ,  1 9 8 8 ) .  As 

s t a t e d  by Natara j  and  N e l s o n  (1987), t h e  f u t u r e  d e v e l o p m e n t s  in 

modern m a c h i n e s  h e a v i l y  d e p e n d s  on t h e  a b i l i t y  t o  i d e n t i f y ,  

u n d e r s t a n d ,  m a t h e m a t i c a l l y  model and a n a l y z e  s y s t e m s  i n v o l v i n g  

n o n l i n e a r  componen t s .  

The turbopumps  o f  t h e  s p a c e  s h u t t l e  main  e n g i n e  (SSME) a r e  

complex r o t o r - h o u s i n g  s y s t e m s .  T h e i r  r e s p o n s e  and s t a b i l i t y  

c a n  be  c r i t i c a l l y  d e p e n d e n t  on t h e  c o u p l i n g  f o r c e s  be tween 

t h e i r  f l e x i b l e  ro tors  and  h o u s i n g s ,  t r a n s m i t t e d  t h r o u g h  t h e  

w o r k i n g  f l u i d s ,  s ea l s  a n d  b e a r i n g s .  Of p a r t i c u l a r  c o n c e r n  is 

t h e  e f f ec t  of  t h e  e x i s t i n g  e s s e n t i a l  deadband c l e a r a n c e s  

be tween  t h e  b a l l  b e a r i n g s  and  h o u s i n g .  These  c l e a r a n c e s  c a u s e  

a turbopump ro tor  t o  r e s p o n d  as a n o n l i n e a r  dynamic s y s t e m .  I n  

g e n e r a l ,  t h e  r o t o r - h o u s i n g  s y s t e m  could,  c o n s e q u e n t l y ,  e x h i b i t  

u n d e s i r a b l e  s u b h a r m o n i c ,  c o m b i n a t i o n  and i n t e r n a l  r e s o n a n c e s  
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( T o n d l ,  1 9 6 5 ) .  I t  c o u l d  a l s o  r e s p o n d  i n  an a p e r i o d i c  o r  

u n p r e d i c t a b l e  c h a o t i c  f a s h i o n  (Shaw a n d  Holmes, 1983  and  

Nei lson and  Barr,  1 9 8 8 ) .  The t r a n s i e n t  r e s p o n s e  o f  t h e  ro to r  

i n  p a s s i n g  t h r o u g h  a c r i t i c a l  s p e e d  c a n  be  q u i t e  d i f f e r e n t  i n  

t h e  p r e s e n c e  of a n o n l i n e a r i t y  ( I s h i d a  - -  e t .  a l . ,  1 9 8 7 ) .  

C h i l d s  a n d  Moyer ( 1 9 8 4 ) ,  u s i n g  a Eunge-Kutta  i n t e g r a t i o n  

scheme ,  c a r r i e d  o u t  a t r a n s i e n t  n o n l i n e a r  a n a l y s i s  o f  t h e  HPOTP 

( h i g h  p r e s s u r e  oxygen tu rbopump)  o f  t h e  SSME and r e p r o d u c e d  a 

s u b s y n c h r o n o u s  r o t o r  r e s p o n s e  s i m i l a r  t o  t h a t  o b s e r v e d  i n  

e x p e r i m e n t a l  t es t  r e s u l t s .  They a t t r i b u t e d  t h e  s u b s y n c h r o n o u s  

r e s p o n s e  t o  t h e  p r e s e n c e  o f  t h e  b e a r i n g  c l e a r a n c e s  and des t a -  

b i l i z i n g  i m p e l l e r - d i f f u s e r  f o r c e s .  Glease and  Buk ley  ( 1 9 8 4 )  

examined  t h e  e f f e c t s  o f  b e a r i n g  d e a d b a n d s  on a m o d i f i e d  J e f f -  

c o t t  n o d e l  s u b j e c t e d  t o  sea l  cross  c o u p l i n g  f o r c e s  and  

d e s c r i b e d  r e s p o n s e s  o f  t h e  ro tor  to  i m b a l a n c e  f o r c e s  o f  t h e  

s u b s y n c h r o n o u s ,  s y n c h r o n o u s  and  n o n p e r i o d i c  t y p e .  Using a 

s i m i l a r  model as ' t h a t  o f  Glease ( 1 9 8 4 ) ,  Day ( 1 9 8 7 )  and  Z a l i k  

( 1 9 8 7 )  addressed some a s p e c t s  o f  t h e  r e s p o n s e  i n  t he  p r e s e n c e  

of b e a r i n g  c l e a r a n c e s  and  cross c o u p l e d  sea l  f o r c e s  a s  l e a d i n g  

t o  a l i m i t  c y c l e  w i t h  a " n o n l i n e a r  n a t u r a l  f r e q u e n c y . "  F o r  

c e r t a i n  r a n g e s  of t h e  s y s t e m s  p a r a m e t e r s ,  q u a s i - p e r i o d i c  

r e s p o n s e  of t h e  ro to r  c a n  o c c u r .  

Q u i t e  o f t e n ,  i t  is e s s e n t i a l  to  d e t e r m i n e  t h e  s t e a d y  s t a t e  

p e r i o d i c  r e s p o n s e  of ro to r  s y s t e m s  i n  t h e  form of  s e l f  e x c i t e d  

l i m i t  c y c l e s  or f o r c e d  m o t i o n  due  t o  r o t a t i n g  u n b a l a n c e .  

A c c u r a t e  p r e d i c t i o n  of t h e  n o n l i n e a r  p e r i o d i c  r e s p o n s e s  and  
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their stability plays a central role in developing a complete 

picture of the dynamic behavior of nonlinear rotor systems as a 

function of their parameters. Efficient general methods are 

obviously needed for determining directly possible periodic 

solutions of large rotor-housing systems involving nonlineari- 

ties. In contrast, a direct numerical integration method used 

to obtain the steady state periodic solutions: 

a. Will require much longer computational time for the rela- 

tively lightly damped rotor systems to settle to a steady 

state. 

b. Will determine only stable periodic responses and not the 

unstable solutions which may be used to indicate the 

onsets of transition to chaotic responses. 

c. Might miss a close-by large steady state solution from 

among multiple nonlinear solutions due to an unfortunate 

selection of initial conditions. 

1.2 Objectives and Outline of Study 

The main objective of this study is to develop reliable 

and efficient analytical-computational methods of the nonlinear 

dynamic analysis of large, rotor-housing systems such as the 

turbopumps of the space shuttle main engines (SSME). 

The present study examines some aspects of the nonlinear 

behavior of a general multi-disk rotor-housing system. For 

that purpose, a generic model of the SSME turbopumps proposed 
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by  D a v i s  -- e t  a l .  ( 1 9 8 4 )  is u s e d  t o  which new n o n l i n e a r  a n a l y s i s  

me thods  d e v e l o p e d  by t h e  p r e s e n t  a u t h o r  and c o - r e s e a r c h e r s  a r e  

a p p l i e d .  One of t h e  me thods  e x t e n d s  a n  i n c r e m e n t a l  ha rmon ic  

b a l a n c e  method d e v e l o p e d  ea r l i e r  by Choi and  Noah ( 1 9 8 7 )  t o  

t h e  d e t e r m i n a t i o n  of t h e  p e r i o d i c  r e s p o n s e  o f  m u l t i - d e g r e e  of 

f r eedom ro tor  s y s t e m s .  Associated w i t h  t h i s  method; a Q u a s i -  

Newton method was a l so  d e v e l o p e d  t o  e n a b l e  t h e  d e t e r m i n a t i o n  of 

p o s s i b l e  m u l t i p l e  s o l u t i o n s  f o r  a g i v e n  s e t  o f  ro tor  parame- 

t e r s .  F o r  t h e  t r a n s i e n t  a n a l y s i s ,  a c o n v o l u t i o n  method is 

f u l l y  d e v e l o p e d  which  t a k e s  a d v a n t a g e  o f  t h e  f a c t  t h a t  a t u r b o -  

pump s y s t e m  c o n s i s t s  of a l i n e a r  ro to r  model c o u p l e d  t o  a 

l i n e a r  h o u s i n g  model t h r o u g h  a loca l  n o n l i n e a r i t y ,  t h a t  i s ,  

b e a r i n g s  w i t h  c l e a r a n c e s ,  t o  c o n s t r u c t  a h i g h l y  e f f i c i e n t  and  

a c c u r a t e  c o m p u t a t i o n a l  p r o c e d u r e .  The method c a n  be e q u a l l y  

a p p l i e d  i n  p r e s e n c e  of o t h e r  c o u p l i n g  n o n l i n e a r i t i e s  be tween 

t h e  ro to r  and  h o u s i n g .  
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2 .  NONLINEAR ROTCRDYNAMIC ANALYSIS OF LARGE SYSTEMS 

2.1 Transient Analysis !,lethods 

The direct numerical integration for determining the 

transient response of larger nonlinear rotor-flexible housing 

systems may require excessive computational time and involve 

unacceptable round-of f errors. To remedy these problems 

different procedures have been developed by analysts to deter- 

mine the transient response of large order rotor systems. The 

procedures can be recognized as falling under one of two basic 

approaches. Those using physical or modal coordinates of the 

complete system and those using the coordinates of the individ- 

ual components of the system. The methods also differ in the 

numerical integration methods selected for the analysis. A 

comprehensive review of existing transient analysis techniques 

can be found in a report by Noah (1986). 

An effective method which proves to be highly efficient in 

determining the transient response of linear systems under 

specified general excitations is by utilizing the Duhamel 

integral, or more generally, the transition matrix of the 

system (Meirovitch, 1980). Von Pragenau (1981) utilized the 

transition matrix with a linear system, stating that it offers 

the simplicity of the Euler method without requiring small 

steps. Von Pragenau maintained that for systems with constant 

coefficients, the stability and accuracy of the method are 
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acquired through the closed form solution of the transition 

matrix. 

In the present study, the convolution methods (Duhamel and 

transition) are shown to be very effective when extended for 

application to linear systems with local nonlinearities. The 

forces at the nonlinear locations are treated as the external 

forces on the systems or subsystems and iteration is used at 

each time increment to determine the magnitude of the forces 

for subsequent increments. 

The convolution approach is applied to a general rotor- 

housing system with rotor imbalance during start-up or shut- 

down. In the present work, eigen-coordinates are used to 

represent both housing and rotor. The local nonlinearities 

were taken as deadband clearances at the rolling element bear- 

ings which support the rotor in its housing as in the SSME 

turbopumps. The integral formulation of the rotor motion is 

represented by its transition matrix and that of the housing by 

a Duhamel integral. Kubomura (1985) used a Duhamel integration 

method to achieve dynamic condensation of a substructure to its 

coupling points to other structures. Convolution was also used 

by Tongue and ljowell (19831, and Clough and Wilson (1979) to 

reduce system coordinates to that of the nonlinearities. 

2 . 2  Periodic Solutions 

Several methods have recently been advanced for deter- 

mining the periodic response of low order nonlinear rotor 
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s y s t e m s  (Yamamoto 1954 ,  C h i l d s  1 9 8 2 ,  S a i t o  1985 ,  and Choi  and 

Noah 1 9 8 7 ) .  F o r  a p p l i c a t i o n  t o  l a r g e r ,  m u l t i - d i s k  rotor  s y s -  

t e m s ,  Nataraj  and Nelson ( 1 9 8 7 )  d e v e l o p e d  a p e r i o d i c  s o l u t i o n  

method b a s e d  on a c o l l o c a t i o n  a p p r o a c h  f o r  t h e  r e s p o n s e  of t h e  

ro tor .  They u t i l i z e d  a s u b s y s t e m  a p p r o a c h  ( C i p r a  and U i c k e r ,  

1 9 8 1 )  to  r e d u c e  t h e  s i z e  of t h e  r e s u l t i n g  s y s t e m  o f  a l g e b r a i c  

e q u a t i o n s .  

I n  t h i s  r e p o r t ,  a g e n e r a l  a p p r o a c h  f o r  t h e  d e t e r m i n a t i o n  

of t h e  s y n c h r o n o u s  and s u b s y n c h r o n o u s  r e s p o n s e  o f  complex r o t o r  

s y s t e m s  is p r e s e n t e d .  The p r e s e n t  w o r k  e x t e n d s  t h e  ha rmon ic  

b a l a n c e  method d e v e l o p e d  e a r l i e r  ( S a i t o  1 9 8 5 ,  and Choi  and 

Noah 1987 and  1 9 8 8 )  f o r  a m o d i f i e d  J e f f c o t t  ro tor  model w i t h  

b e a r i n g  clearances t o  t h e  d e t e r m i n a t i o n  o f  t h e  p e r i o d i c  

r e s p o n s e  of n o n l i n e a r  m u l t i - d i s k  r o t o r  s y s t e m s  w i t h  f l e x i b l e  

h o u s i n g s .  

I t  is shown t h a t  t h e  ha rmon ic  b a l a n c e  method,  as  a p p l i e d  

t o  a l a r g e ,  r o t o r - h o u s i n g  s y s t e m  w i t h  b e a r i n g  c l e a r a n c e s ,  c a n  

be made t o  be  h i g h l y  e f f i c i e n t .  T h i s  is a c h i e v e d  by u s i n g  a 

v e r s i o n  of a n  impedance f o r m u l a t i o n  i n  which t h e  s y s t e m  is 

r e d u c e d  t o  its d i s p l a c e m e n t s  a t  t h e  b e a r i n g  clearances.  ( S e e  

Noah, 1984 and  Fan and Noah, 1 9 8 9 ) .  I n  t h i s  case, t h e  

impedance  method is a p p l i e d  t o  e a c h  o f  t h e  ha rmon ic  components  

o f  t h e  assumed p e r i o d i c  s o l u t i o n .  



3. APPLICATION TO ROTOR-HOUSING SYSTEMS 

3.1 The Model 

A r e p r e s e n t a t i v e  complex ro to r  s y s t e m  w i t h  f l e x i b l e  

h o u s i n g  is shown i n  F i g .  1. The p a r t i c u l a r  model shown i n  

which t h e  p r e s e n t  method c a n  be r e a d i l y  a p p l i e d ,  r e p r e s e n t s  t h e  

h i g h  p r e s s u r e  oxygen turbopump (HPOTP) o f  t h e  s p a c e  s h u t t l e  

main  e n g i n e  (SSME).  The i n t e r a c t i o n  f o r c e s  be tween  ro tor  and  

h o u s i n g  i n c l u d e  v a r i o u s  s e a l ,  i m p e l l e r ,  t u r b i n e  t i p  c l e a r a n c e ,  

b e a r i n g  c l e a r a n c e  and f l u i d  s i d e  f o r c e s .  

a .  - Rotor 

The e q u a t i o n  o f  small  t r a n s v e r s e  m o t i o n ,  {R} of  t h e  r o t o r  

u n d e r  t r a n s i e n t  e x t e r n a l  and i m b a l a n c e  f o r c e s  may be  w r i t t e n  as  

( 1 )  
.. 

[ M I R  { R )  - [ G I  {i} + [KIR { R )  = { F I } R +  { F E j R  

I n  e q u a t i o n  (1) , { R )  r e p r e s e n t s  t h e  t r a n s l a t i o n a l  and  ro ta -  

t i o n a l  d i s p l a c e m e n t s  and  o n l y  i n c l u d e s  those d i s p l a c e m e n t s  

which  are  associated w i t h  masses and  d i a m e t r a l  moments of 

i n e r t i a .  O t h e r  d i s p l a c e m e n t s  are r e d u c e d  o u t  u s i n g  s t a t i c  

c o n d e n s a t i o n .  The s p i n n i n g  s p e e d  o f  t h e  rotor is d e n o t e d  by  4 

(see F i g .  2 1 ,  [GI is t h e  g y r o s c o p i c  m a t r i x  c o r r e s p o n d i n g  t o  t h e  

a t t a c h e d  d i s k s ,  { F I } R  r e p r e s e n t s  t h e  c o u p l i n g  f o r c e s  on t h e  

r o t o r  due  t o  c o u p l i n g  t o  t h e  h o u s i n g  w h i l e  { F E } R  r e p r e s e n t s  t h e  

e x t e r n a l  forces i n c l u d i n g  t h e  i m b a l a n c e  f o r c e s .  

. 
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L T u r b i n e s  

- - Bearings - - Impellers - Bearings Seals 
Rotor  

F i g u r e  1. Complex ro tor  s y s t e m  w i t h  f l e x i b l e  h o u s i n g .  
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F i g u r e  2 .  The r o t o r  c o o r d i n a t e  s y s t e m .  



11 

i n  which  [ ' IR  is t h e  modal m a t r i x ,  n o r m a l i z e d  w i t h  r e s p e c t  t o  

t h e  mass m a t r i x  o f  t h e  n o n s p i n n i n g  ro tor  and { q j R  is t h e  asso- 

c i a t e d  modal  c o o r d i n a t e s .  

Using t h e  modal t r a n s f o r m a t i o n  ( 2 1 ,  e q u a t i o n  (1) is  

w r i t t e n  i n  t h e  form 

2 Where ['"I, = [ . W n . I R  

a n  a r e  t h e  n a t u r a l  f r e q u e n c i e s  of t h e  n o n s p i n n i n g  o f  t h e  ro tor .  

Adding a modal damping m a t r i x  ['C.] t o  e q u a t i o n  ( 3 )  y i e l d s  

b .  Hous ing  

The e q u a t i o n  o f  m o t i o n  o f  t h e  h o u s i n g  may be  e x p r e s s e d  as 

where  { H )  r e p r e s e n t s  t h e  t r a n s v e r s e  and r o t a t i o n a l  d i s p l a c e -  

m e n t s  a t  e a c h  node i n  t h e  Y a n d  2 d i r e c t i o n s .  I n  terms o f  t h e  

n o d a l  c o o r d i n a t e s  of t h e  h o u s i n g  w h i l e  u n c o u p l e d  to  t h e  r o t o r ,  

e q u a t i o n  ( 7 )  t a k e s  t h e  form ( a f t e r  a d d i n g  a modal damping 

m a t r i x )  
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c.  C o u p l i n q  F o r c e s  

Forces d u e  t o  l i n e a r  c o u p l i n g  be tween ro tor  and  h o u s i n g  

may i n c l u d e  t h e  d i r e c t  and  cross c o u p l i n g  f o r c e s  due  t o  s e a l ,  

i m p e l l e r  and  t u r b i n e  f o r c e s .  The n o n l i n e a r  c o u p l i n g  f o r c e s  a r e  

t a k e n  a s  those d u e  t o  t h e  c l e a r a n c e s  be tween t h e  r o l l i n g  

e l e m e n t  b e a r i n g s  ou te r  races and t h e  h o u s i n g .  F i g .  3 shows a 

model f o r  t h e  g a p  a t  e a c h  o f  t h e  l o o s e l y  s u p p o r t e d  b e a r i n g .  

The b e a r i n g  f o r c e  a c t i n g  on t h e  h o u s i n g  due  t o  t h e  

s t i f f n e s s ,  shown i n  F i g .  4 i n  t h e  Y - d i r e c t i o n ,  i s  

f o r  R > 6 - 

Analogous  e q u a t i o n s  h o l d  for t h e  Z d i r e c t i o n ,  i n  which K is 

t h e  s t i f f n e s s  a t  t h e  b e a r i n g  s u p p o r t  and  
EY 

R = J ( R Y  - H y ) 2  + (Rz - Hz) 2 
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t '  
rotor 

Figure 3. F.otor and housing displacements at bearing location. 
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F i g u r e  4. N o n l i n e a r  b e a r i n g  f o r c e ,  in Y - d i r e c t i o n  F B y ,  d u e  t o  K B Y  
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where Ry is the physical displacement of rotor in 

Y direction at the bearing location. 

Hy is the physical displacement of housing in 

Y direction at the bearing location. 

P,z is the physical displacement of rotor in 

2 direction at the bearing location. 

HZ is the physical displacement of housing in 

2 direction at the bearing location. 

The bearing forces in the Y and Z-directions can be written as 

6 - 
Where K B  = K B  (1 - g )  for R - > 6 

- 
K B  = 0 for R - < 6 (14) 
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3 . 2  Method for Transient Analysis 

A hybrid method proposed by Noah -- et al. (1986) and (1988) 

is utilized here for the analysis of the coupled rotor-housing 

system. The displacements of the housing are best represented 

by a Duhamel integral. Due to the presence of the skew-sym- 

metric gyroscopic terms, the equations of motion for the rotor 

are transformed to first order. The displacements of the rotor 

are expressed in terms of the transition matrix for the motion 

of the rotor. 

3.2a Transition matrix for the rotor 

The equations of motion of the rotor, equation ( 4 1 ,  are 

cast in first order form, 

If the spinning speed is a function of time, the gyro- 

scopic term of equation (5) is 'moved to the R.H.S. of equation 

( 4 ) .  In this case, the coefficient matrices, given by equa- 

tions (16) and ( 1 7 ) ,  are replaced by 
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= 

and 

[OI 
(16') 

I 0 I 

In that case it may be computationally more efficient to use 

the Duhamel integral, rather than the transition matrix formu- 

lations to represent the rotor. The formulation using the 

Duhamel integral is applied to the housing as is shown later. 

In general, however, if the physical rather than the modal 

coordinates are used to describe the motion of the rotor, or if 

Q, is constant and is kept at the left hand side of the equa- 

tions of motion, the transition matrix and not the Duhamel 

formulation method must be used. 

The solution of equation (15) can be written as 

= P I k  tk F1,t - - c  R = transition matrix (19) k! where e 
k=O 

and { uo} is the initial generalized coordinates 

Equation (18) can be cast in discretized form in which the 

generalized forces, { P),, are taken as varying linearly between 

time ti and ti+l so that 
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Where T is a small i n c r e m e n t  i n  t i m e .  The d i s c r e t i z e d  

form o f  e q u a t i o n  ( 1 8 )  c a n  t h e n  be  shown to  t ake  t h e  form 

where  

3 .2b  Duhamel i n t e q r a l  f o r  h o u s i n q  

The symmetric form of t h e  e q u a t i o n s  of m o t i o n  o f  t h e  hous-  

i n g  allows e x p r e s s i n g  t h e  modal d i s p l a c e m e n t s  of t h e  h o u s i n g  by 

a Duhamel i n t e g r a l .  The i n t e g r a l  f o r m u l a t i o n  h a s  t h e  a d v a n t a g e  

o f  p r o v i d i n g  a c l o s e d  form e x p r e s s i o n  as opposed  t o  conven-  

t i o n a l  n u m e r i c a l  i n t e g r a t i o n  schemes .  Also t h i s  r e p r e s e n t a t i o n  

allows d e a l i n g  d i r e c t l y  w i t h  d i a g o n a l  matrices which r e s u l t s  i n  

h i g h e r  c o m p u t a t i o n a l  s p e e d  and a c c u r a c y .  

Based on e q u a t i o n  ( 8 ) ,  t h e  h o u s i n g  g e n e r a l i z e d  c o o r d i n a t e s  

c a n  b e  e x p r e s s e d  as 



where  {q(O>}, (q(0)) are  i n i t i a l  s o l u t i o n s ,  wn, Wd a re  

undamped and  damped n a t u r a l  f r e q u e n c i e s  of h o u s i n g ,  

5 is damping r a t i o  o f  h o u s i n g ,  { P ( t ) } ,  = [ Y I H ( { F I } ,  + T 

{ F  } ) t h e  g e n e r a l i z e d  f o r c e s  ac t  on h o u s i n g .  E €1 

The e x p r e s s i o n  ( 2 2 )  is n e x t  w r i t t e n  i n  d i s c r e t i z e d  f o r m ,  

w i t h  t h e  g e n e r a l i z e d  f o r c e s  t a k e n  as  b e f o r e  a s  v a r y i n g  l i n e a r l y  

w i t h i n  e a c h  t i m e  s t e p ,  o r  

s i n  b t i + l  cos b t i + l  

b ( a  +b 1 
+ {  2 2 9 E A i + l  + 2 2  E B i + l l  

b ( a  +b ) 
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-a s i n  b t i + l  + b COS b t i + l  

2 2  E A i + l  
b ( a  + b  1 

+ I  

I a cos b t i+ l  + b s i n  b t i+ l  
+ 2 2  E B i + l  

b ( a  + b  ) 

- ' i + l  2 2 - Pi 
( a  COS b t i + l  + 2ab  s i n  b t i + l  - b COS b t i + l )  2 2  T ( a  +b ) 

- Pi + ' i + l  -aT 2 e ( a  COS b t i  + 2ab  s i n  b t i  - b 2  COS b t i )  
T ( a 2 + b  ) 

( 2 4 )  

( a  COS b t i  + b s i n  b t i )  ( 3 1 )  -aT - P i  e 
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Bi+l = Pi+l (a sin bti+l - b COS bti+l) 

- 'i+l 2 2 - Pi 
(a sin bti+l - 2ab COS bti+l- b sin bti+l) 2 2  T(a +b 1 

2 - Pi 'i+l 
T(a +b ) 

-aT 2 e (a sin bti - 2ab COS bti- b sin bti) 2 2  + 

(32) -aT - Pi e (a sin bti - b COS bti) 

P is element of vector { P). 

3 . 2 ~  The couplinq forces 

The coupling forces acting on the housing are given by 

and those on the rotor are 

Where [ K ] I  and [CII are the coupling stiffness and damping 

matrices, respectively. The coupling stiffness matrix includes 

the updated bilinear bearing stiffness at each iteration. 

3.2d The comDutationa1 Drocedure 

For the responses at time t = ti+l, the coupling forces 

between the housing and rotor are unknown. An iterative tech- 

nique is used to calculate these forces. The following itera- 

tive loop is used in both the Hybrid and Runge Kutta methods: 
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If the responses at t = ti are known and responses at 

t = ti+l are desired then: 

(a) Set IFI(ti+l)} = IFI(ti)} 

(b) 

(c) 

Calculate t PIP, and I P}H 
Solve tu(ti+l)lR and Iq(ti+l)IHr { ;( ti+l) IHby the Hybrid 

method (or the Runge Kutta method). Calculate the 

Euclidean norm Of {u(ti+l)}R and {q(ti+l)}H* 

Transfer {U(ti+l)}R and {q(ti+l)}Hr {i(ti+l)jH back to 

physical coordinates, then a new connection force 

{ FI(ti+l)} can be calculated. 

(d) 

(e) If the Euclidean norms of two consecutive iterations of 

both rotor and housing are close enough then stop the 

iteration and go to step (f), otherwise go to (b). 

(f) Elove a time increment and go to (a) until t reaches a 

specified time for terminating the run. 

3 . 3  Method for Obtaining Periodic Responses 

A typical multi-disk rotor interacting with its flexible 

housing through rolling element bearings with deadband clear- 

ances is considered. The equations of motion of the rotor can 

be recast from equation (1) in matrix form as 

Where [ c ] R  includes damping and gyroscopic terms. The 

displacement vector {R 1 is defined as 
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where  R i  and  B i  s t a n d  f o r  d i s p l a c e m e n t  and r o t a t i o n ,  r e s p e c -  

t i v e l y ,  and s u b s c r i p t  M r e p r e s e n t s  t h e  t o t a l  node number.  

I n  p a r t i c u l a r ,  t h e  f o r c e s  i n  t h e  y - d i r e c t i o n  on t h e  b e a r -  

i n g s  w i t h  c l e a r a n c e s  are  e x p r e s s e d  as 

where  m and  n d e n o t e  t h e  b e a r i n g  node numbers on t h e  ro to r  and 

h o u s i n g ,  r e s p e c t i v e l y ,  and y and  z d e n o t e  t h e  y - a x i s  and z - a x i s  

o f  t h e  r o t o r  and  h o u s i n g  c o o r d i n a t e s .  The ro to r  d i s p l a c e m e n t s  

are  d e n o t e d  by R w h i l e  H d e n o t e s  t h e  h o u s i n g  r e s p o n s e .  The 

symbol  6 r e p r e s e n t s  t h e  s i z e  o f  t h e  deadband c l e a r a n c e  be tween 

a b e a r i n g  and t h e  h o u s i n g .  

The b e a r i n g  forces ,  Fbmy o r  Fbmz, w i l l  v a n i s h  i f  6 is 

l a r g e r  t h a n  t h e  r a d i a l  d i s p l a c e m e n t  o f  t h e  r o t o r  r e l a t i v e  t o  

t h e  h o u s i n g  w h i c h  is t h e  d e n o m i n a t o r  i n  e q u a t i o n  ( 3 5 ) ,  o t h e r -  

w i s e  t h e  b e a r i n g  forces w i l l  be a s  g i v e n  by e q u a t i o n  (35). A 

s imi l a r  e x p r e s s i o n  c a n  be w r i t t e n  f o r  t h e  n o n l i n e a r  b e a r i n g  

forces i n  t h e  z - d i r e c t i o n ,  which  are d e n o t e d  by Fbmze 

The e q u a t i o n s  o f  m o t i o n  f o r  t h e  h o u s i n g  c a n  be w r i t t e n  i n  

t h e  m a t r i x  form a s  

. .. 

where  [CIH r e p r e s e n t s  p r o p o r t i o n a l  e q u i v a l e n t  v i s c o u s  

damping c o e f f i c i e n t s .  
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In order to reduce the system to its displacements at the 

nonlinear bearing supports, the equations of motion need to be 

modified. This is achieved using a subsystem approach. The 

coordinate vector can be modified so that the transverse 

displacements at the gap are listed first 

t R I  = tRly,2y, ... ,Ny’Rlz,2z, .. .,NZ’~(N+~),,(PJ+~)~, . . .,Ply’ 

where (1,2,...,N) is the bearing node numbers related to non- 

linearity while (N+l,N+2,...,M) is the other node numbers 

involving linear displacements which will be eliminated in the 

assembling procedure. 

The housing coordinate vector can be rearranged in a simi- 

lar fashion. After rearranging the coordinate vectors, the 

matrices [MIR, [MIH, [C],, [C],, [KIR and [K]“ and other force 

vectors also need to be modified according to their vector 

components. 

3.3a Computational harmonic balance method 

Extending the procedure developed by Choi and Noah (19871, 

a steady state, a periodic solution for the motion of the rotor 

can be represented by a Fourier series expansion. For the 

displacement of the ith node, one writes 
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N i  not i nut + Bnz sin -) 
V 

Riz = Ciz + C (Anz cos - 
n=l V (37b) 

where v is the subharmonic ratio, which is unity for harmonic 

and superharmonic cases, or an integer for subharmonic cases. 

Similar equations are written for the displacements Hiy and HiZ 

of the housing. Since the motion is periodic and steady state, 

the nonlinear coupling forces can also be written as 

nut + Di nut sin -) N i  
nY V fiy = ci + C (cny cos I, 

OY n=l 

N i  nut + cAZ sin -> nut 
V 

fiz = c i Z  + c (cnZ COS 
n=l 

The nonlinear forces exerted on the housing are of equal and 

opposite sign to those of equations (38). To apply the har- 

monic balance method, one forms the vectors of the coefficients 

of cos nut and sin for n=1,2, .. . ,N. v f  

The constant coefficients of the displacements of the 

coupling forces are then written as follows: 

For the constant term, 

where 



26 

CN }T tcml - ~ c o y ' c o 2 '  'C Oy' 02 
0 -  1 1  

O = {o,o,o, ..., 0 ' 0 )  T 
ICs 1 

and t h e  s u b s c r i p t s  of "mrr and "s" s t a n d  f o r  t h e  m a s t e r  and 

s l a v e  p a r t  f o r  a r educed  a l g e b r a i c  sys t em r e s u l t i n g  from a p p l y -  

i n g  t h e  ha rmon ic  b a l a n c e  method.  The r educed  o u t  s l a v e  c o o r d i -  

n a t e s  c o r r e s p o n d  t o  t h o s e  c o o r d i n a t e s  where no n o n l i n e a r  c o u p l i n g  

f o r c e s  e x i s t .  T h e r e f o r e ,  t h e  s t i f f n e s s  m a t r i x  of t h e  r o t o r ,  [ K l R I  

i s  p a r t i t i o n e d  as 

I [ K I F ,  = [ ( 2Lx2N 1 ( 2 L x 2 L )  

( 2Nx2N ) (2Mx2L) 
iKmrn1 R LKrns1 R 

[ K s m l  R LKssl R 

where N i s  the t o t a l  number of degrees  of freedom at the 

n o n l i n e a r i t y  and L is t h e  t o t a l  number of d e g r e e s  of freedon? 

a s s o c i a t e d  w i t h  l i n e a r  d i s p l a c e m e n t s  of  t h e  r o t o r .  E q u a t i o n  

( 3 9 ) i s  expanded a s  
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Combining equations (39) and (401, the following equation is 

obtained 

By setting, 

the final reduced matrix can be written as 

Because of the bearing clearances relations already given by 

equation ( 3 5 1 ,  a discrete FFT algorithm will result in {Cm} 

being a function of all the Fourier coefficients in equations 

(37) and the corresponding coefficients for the housing 

displacements. The implicit equation form of the relation (42) 

can be then expressed as 

0 

where N is the total nonlinear degree of freedom number and n 

represents the retained harmonic terms. Newton-Rapshon (2nd 

order) iterative method is used, and for that purpose an incre- 

mental form is written in place of equation (42). 

If one sets 
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then 

This equation is solved sequentially with an equivalent set for 

the housing at each increment and iteration is used to obtain 

compatible coefficient increments for the rotor and housing. 

Applying the harmonic balance method to the equations of 

motion (341, the cosine terms lead to 

where 

1 1  M M I T  
t A) = {Any,Anz , . , Any fAnz 

0) { Cn } = { cny , cnz I I c , cn, 0 , 0, 0 0 

1 1  N N  
nY 

T t gc 1 = 1 0 , 0 , 0 , . . . I (mew )y i, 0, (mew ) y J  , 0 , . . . I o 1 

if n = v (n=lr2,...,N) 

= t o 1  if n f v  

where the y ' s  are the nodes at which the disks are located 

and M is the total node numbers and N is the node on which the 

nonlinear coupling forces of the rotor to the housing exist. 

Similar expressions are written for the housing. 
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For t h e  s i n e  terms, one o b t a i n s  

where  

2 2 j  T {gs} =  mea r ~ , ( m e ~ )  ,o~...~o) 
if n=v ( n = l r 2 , . . . r N )  

= t o 1  

Combining e q u a t i o n s  ( 4 5 )  and ( 4 6 )  

[Sl,{Ql = t w )  + t u 1  

i f  n#v 

( 4 7 )  

where 

..., BM BM } T  ny' nz 

To apply t h e  reduction technique, equation (47) can be 

t i o n e d  as f o l l o w s .  

wher; 

parti- 

) ( 4 8 )  
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Set 

{ c }  = - [Smsl RlsSs1 -1 P, tus}, (4N x 1 )  

Equation (48) can then be rearranged as 
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To a p p l y  a n u m e r i c a l  i t e r a t i o n  p r o c e d u r e ,  o n e  c a n  u s e  t h e  

f o l l o w i n g  i n c r e m e n t a l  form 

S u b s t i t u t i n g  e q u a t i o n  ( 5 3 )  i n t o  ( 5 2 )  

S i n c e  t h e  e q u a t i o n  ( 5 4 )  is  o b t a i n e d  o n l y  f o r  o n e  ha rmon ic  term, 

o n e  c a n  expand e q u a t i o n  ( 5 4 )  f o r  g e n e r a l  r e t a i n e d  ha rmon ic  

terms 

where  n = 1,2,...,N. 

E q u a t i o n  ( 5 5 )  r e p r e s e n t s  t h e  c o s i n e  and s i n e  i nc remen ta l  

t e rns  and  e q u a t i o n  ( 4 4 )  r e p r e s e n t s  t h e  incremental  c o n s t a n t  

terms, so o n e  c a n  combine t h e s e  e q u a t i o n s .  

c o n t a i n  t h e  f i n a l  s o l u t i o n  forms which are s o l v e d  by t h e  

Newton-Rapshon method.  The o v e r a l l  i n c r e m e n t a l  form f o r  t h e  

ro to r  s y s t e m  w i l l  b e  as  f o l l o w s :  

{ Q m n }  and { A  } 
n? 

where 



3 2  

. 
1 1 1 N A A ~  nytAAnztABny~ABnzt .tAB ny ,ABN nz I T  

. . 

and 

[TIR = 

... ... 
. 

... 
where 

[FIR is (2N x 2N) and [TIR is (4N x 4N) for ( i  = 1t2t...,n). 
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From e q u a t i o n  (561, { A u )  is  w r i t t e n  w i t h  p a r t i a l  d e r i v a -  

t i v e s  of The p a r t i a l  d e r i v a t i v e  terms y i e l d  t h e  J a c o b i a n  

m a t r i x ,  s o  o n e  c a n  f i n a l l y  o b t a i n  t h e  f o l l o w i n g  e q u a t i o n  

where  

[PI = . 
e . . . 

a D N  

a A 2  

n z  

OY 

a D N  n z  a DN 

a A N  

n z  

n z  
... - 

a C1 oy 
a BN 

a 1  
c O Z  

a N  
Bnz 

n z  

a N  
'nz 

aBnz 
N 

where  t h e  s u p e r s c r i p t  s t a n d s  f o r  t h e  d e g r e e  o f  f r eedom number 

w h i l e  s u b s c r i p t  s t a n d s  f o r  t h e  r e t a i n e d  h a r m o n i c  term i n  y o r  z 

d i r e c t i o n .  

The [PI  m a t r i x  c a n  be  d e t e r m i n e d  u s i n g  n u m e r i c a l  d i f f e r e n -  

t a t i o n  of t h e  d i sc re t e  and  i n v e r s e  d iscrete  FFT method.  The 

m a t r i x  h a s  t o  b e  u p d a t e d  a t  e a c h  i t e r a t i o n  s t e p  u n t i l  i t  

c o n v e r g e s .  The s t e a d y  s t a t e  s o l u t i o n  p r o c e d u r e  f o r  f l e x i b l e  

h o u s i n g  is t h e  same as fo r  t h e  ro to r  s y s t e m  a s  o u t l i n e d  a b o v e .  

A f t e r  c a l c u l a t i n g  t h e  ro to r  r e s p o n s e  u s i n g  an  i t e r a t i o n  

p r o c e d u r e ,  t h e  c o u p l i n g  be tween  r o t o r  and h o u s i n g  are  a u t o -  

m a t i c a l l y  c a l c u l a t e d .  T h e s e  n o n l i n e a r  c o u p l i n g  forces are t h e n  

a p p l i e d  to  t h e  h o u s i n g  s y s t e m  t o  u p d a t e  t h e  a b s o l u t e  h o u s i n g  
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d i s p l a c e m e n t s  and  n o n l i n e a r  c o u p l i n g  f o r c e s .  A n o t h e r  i t e r a t i o n  

p r o c e s s  is u s e d  t o  o b t a i n  o n c e  more t h e  u p d a t e d  ro tor  r e s p o n s e  

and  t h e n  i t e r a t e  u n t i l  b o t h  r o t o r  and  h o u s i n g  r e s p o n s e s  have  

t h e  same s t e a d y  s t a t e  c o n v e r g e n t  v a l u e s .  

3 .3b D e t e r m i n a t i o n  of m u l t i p l e  s o l u t i o n s :  A q l o b a l  

Newton ' s  method 

A method is f u r t h e r  d e v e l o p e d  and  a d a p t e d  t o  ro tor  s y s t e m s  

which is c a p a b l e  of l o c a t i n g  a l l  p o s s i b l e  m u l t i p l e  s o l u t i o n s  

f o r  t h e  r o t o r ' s  r e s p o n s e .  The method u s e s  a d o u b l e  d o g l e g  

scheme ( D e n n i s  a n d  S c h n a b e l ,  1 9 7 9 )  w i t h  a l oca l  minimum 

a l g o r i t h m  t o  d e t e r m i n e  t h e  s o l u t i o n s .  A t u n n e l l i n g  me thod ,  

d e v e l o p e d  b y  Levy -- e t  a l .  ( 1 9 7 8 )  is f u r t h e r  d e v e l o p e d  and u s e d  

t o  remove t h e  s o l u t i o n s  a l r e a d y  found  f rom t h e  f o r m u l a t i o n .  

P r e l i m i n a r y  t e s t i n g  of t h e  method showed t h e  method t o  be  

c a p a b l e  of o b t a i n i n g  m u l t i p l e  s o l u t i o n s  o f  t h e  C u f f i n g  t y p e  

e q u a t i o n s .  

An e x p o s i t i o n  of t h i s  method and p r e l i m i n a r y  r e s u l t s  on 

its a p p l i c a t i o n  w i l l  be  p u b l i s h e d  i n  due  t i m e .  
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4 .  NUMERICAL EXAMPLES AND DISCUSSION 

4 . 1  T r a n s i e n t  Response  

The p r e s e n t  c o n v o l u t i o n  method is a p p l i e d  t o  a m o d i f i e d  

v e r s i o n  of a rotor  model  c o n s t r u c t e d  by D a v i s  e t  a l .  ( 1 9 8 4 ) .  

The model  was p r o p o s e d  t o  r e p r e s e n t  a s i m p l i f i e d  g e n e r i c  model 

of t h e  s p a c e  s h u t t l e  main e n g i n e  turbopumps .  The p a r a m e t e r s  

and  c o e f f i c i e n t s  o f  t h e  p r e s e n t  g e n e r i c  model (shown i n  F i g .  5 )  

a r e  g i v e n  i n  T a b l e s  1 and  2. The i m b a l a n c e  f o r c e s  a re  t a k e n  a s  

shown i n  F i g .  5 .  

Response  of t h e  g e n e r i c  r o t o r - h o u s i n g  model a t  t h e  b e a r i n g  

l o c a t i o n  is d e t e r m i n e d  f o r  t h e  h y p o t h e t i c a l  s t a r t - u p - s h u t d o w n  

case shown i n  F i g .  6 .  F o r  t h e  s t a r t - u p  case,  f rom 0 t o . O . 0 1  

s e c o n d s ,  u s i n g  a n  i n c r e m e n t  of 1 ~ 1 0 ' ~  sec . ,  a compar i son  was 

made of  t h e  c o m p u t e r  CPU t i m e  ( o n  a VAX 8300)  for the Runge-Kutta 

4th order and the present convolution method (Fig. 7). It is 

seen that the hybrid convolution method is approximately twice as 

fast as the 4th order'Runge-Kutta method. In addition, a desired 

accuracy can be met'by the convolution method us1ng.a much 

larger time step than that required b y  the Runge-Kutta method. 

F i g s .  8-a a n d  8-b show t h e  r a d i a l  b e a r i n g  f o r c e  i n  b e a r i n g  

1 f o r  t h e  l i n e a r  and n o n l i n e a r  ( i n  p r e s e n c e  of a c learance)  

cases,  r e s p e c t i v e l y ,  f o r  t h e  f a s t  s t a r t - u p  of F i g .  6 ,  0-0.3 

s e c o n d s .  The i n i t i a l  c o n d i t i o n s  were t a k e n  as zero.  

For  t h e  n o n l i n e a r  cases, t h e  r a d i a l  f o r c e  i n  b e a r i n g  1 . 
h a s  a peak  close t o  $ = 2600 r a d / s e c .  (24830 rpm) d u r i n g  



36 

ROTOR: Shaft diameter: OD = 3.0 inches. ID = 0.0 inches 
Matafial: Steel. E I 3.0 x 1 O8 psi 
Jamt length = 3.0 inches 
Rotor length = 27.0 inches 

HOUSING: HowingRotor weight ratio = 611 

F i g u r e  5. The gener ic  model.  
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M.SS I m b dance Moment of Inartla (Ib-ln-rac2 ) 

Polar  Dl8rnOtrl C 8 l  (Ib-sac * /In) ( In )  
DIsk ' 1 0.0259 0.002 0 . 0 2 8  1 0 .0159  

Table 1. Parameters of the Generic Plodel 

' 

1 I 

Dlsk 2 0.0389 0.002 0 .193 0.101 
i 

O b k  3 I 0.0518 0.002 7.0057 1 O . S O 7 8  1 1 

K w %  %=KyX cw% I (lblin) I (Ib/in) I (Ib-reclin)" 

Table 2. Ccefficients oE t h e  Generic Model 

Side force (Ib) 

Y-direction I Z-direction 

DISK 1 

DISK2 

DISK3 

, 1.Ox1$ l .Sxl0' 6 .3~10 '  I 4 . 9 5 ~ 1 0 ' ~  i2 -2.806x7U5 ,j* I 
- 8 . 9 ~ 1 0 3  -4 .0~703 1.0 1 6.117xlQ5 42 7 . 2 8 1 ~ 7 6 ~  62 

8 . 7 ~ 1 0 ~  1 . 9 ~ 1 0 ~  2.3 1 2 . 3 7 9 ~ 1 6  ,j2 0 



3e 

. 
1 (rad'sec) 

4000 

F i g u r e  6 .  F.unning s p e e d  of r o t o r .  

F i g u r e  7 .  CFU p l o t  of h y b r i d  method and  Runge E:utta ne thod .  
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O.&S aOr0 0.07s 0.100 a i l s  a** a i 7 a  0300 0.22a arso 0.~71 0.: 
TIME (SCC) 

Figure 8a. Force in linear bearing 1 (6 = 0 ) .  

Ir-1 

w 

0.02s 0 . 0 ~ 0  0.07s 0 . 1 0 0  o.*ts anso 0.~73 0.200 0.22s 0 .0~0  0.073 o.ioo 
TIUE (srt) 

Figure 8b. Force in nonlinear bearing 1 ( 6  = 5x10'4 in). 
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s t a r t - u p  and a much h i g h e r  peak  a t  @ = 3560 r a d / s e c .  (34000  

rpm) d u r i n g  t h e  (slower) shu tdown  i n  F i g .  9 .  The l i n e a r  s y s t e m  

w i t h  zero b e a r i n g  clearances shows h i g h e r  b e a r i n g  l o a d  p e a k s  

t h a n  w i t h  t h e  n o n l i n e a r  s y s t e m .  I n  t h e  l i n e a r  case, t h e  l o a d  

peak occurs,  as e x p e c t e d ,  a t  t h e  c r i t i c a l  s p e e d .  For  t h e  

n o n l i n e a r  cases o t h e r  r e s u l t s ,  n o t  shown h e r e ,  show t h a t  t h e  

b e a r i n g  f o r c e s  a t  b e a r i n g  2 are c o n s i s t e n t l y  h i g h e r  t h a n  t h o s e  

a t  b e a r i n g  1. 

F i g s .  10-a a.nd 10-b show t h e  Y-d i sp lacemen t s  of t h e  r o t o r  

r e l a t i v e  t o  t h e  h o u s i n g  a t  b e a r i n g  1 f o r  t h e  s t a r t - u p  c o n d i -  

t i o n s  f o r  t h e  l i n e a r  and n o n l i n e a r  cases, r e s p e c t i v e l y .  

4 . 2  P e r i o d i c  Response  

The ha rmon ic  ba l ance /FFT method was used  t o  g e n e r a t e  

f o r c e d  n o n l i n e a r  p e r i o d i c  r e s p o n s e s  of t h e  g e n e r i c  model ( F i g .  

5 )  i n  t h e  r a n g e  of 0 - 4 0 , 0 0 0  r p m .  Figure 11 shows t h e  f u n d a -  

m e n t a l  s y n c h r o n o u s  r e s p o n s e s  a t  t h e  t w o  c r i t i c a l  s p e e d s  t o  

occur a r o u n d  1900 r a d / s e c  a n  4300 r a d / s e c .  The f i g u r e  shows 

t h e  r a d i a l  d i s p l a c e m e n t s  o f  t h e  ro tor  r e l a t i v e  t o  t h e  h o u s i n g  

a t  t h e  l e f t  b e a r i n g .  The c r i t i c a l  s p e e d  map is d e p i c t e d  i n  

F i g u r e  1 2  f o r  t h e  g e n e r i c  model. i n  a b s e n c e  of b e a r i n g  c lear -  

ances.  The g y r o s c o p i c  terms are  i n c l u d e d  which are shown t o  

r a i s e  t h e  f o r w a r d  c r i t i c a l  s p e e d s  and lower t h e  backward c r i t i -  

cal  s p e e d s .  The f i g u r e  shows t h e  f i r s t  t w o  c r i t i c a l  s p e e d s  t o  
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ORlGiKAL PAGE tS 
OF: POOR QUALITY 

I LECENO 1 

0.12s o.aso 0.37s 0.400 0.42s 0.4- 0.47s 0.- o.ooa 0.- 0 . ~ 7 5  o.eoo 
TIME (SCC) 

Figure 9. Force in nonlinear bearing 1 during shutdown. 
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DO 

Figure loa. Relative displacement of rotor in Y-direction at 
linear bearing 1. 

I I I I I I 1 I I I I 

TtUE ( S C C )  
0.02s -0 0.07s 0.100 0.92s 0.1W 0.77s 0.100 0.22s 0.2- 0.Z7S 0. 30 

Figure lob. Relative displacement of rotor in Y-direction at 
nonlinear bearing 1. 
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Figure 11. Critical speed of linear generic model at bearing 
1; eccentricity = 0.5 mils, no damping, no 
gyroscopic effects. 
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0 .  

Figure 12. Critical speed map for the linear generic model; 
no damping. 
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b e  e x a c t l y  t h e  same as  t h o s e  of t h e  l i n e a r  case o b t a i n e d  u s i n g  

t h e  ha rmon ic  ba l ance /FFT method.  Numer ica l  c a l c u l a t i o n  is  

p e r f o r m e d  t o  i n v e s t i g a t e  t h e  e x i s t e n c e  o f  subha rmonic  

r e s p o n s e s .  

The t r a j ec to ry  o f  t h e  s h a f t  c e n t e r  o f  a l / n  o r d e r  s u b h a r -  

monic r e s p o n s e  l i e s  i n  t h e  r e g i o n  bounded by c i rc les  w i t h  r a d i i  

which  are d e t e r m i n e d  by t h e  ha rmon ic  and subha rmonic  ampli- 

t u d e s .  The t r a j ec to ry  t o u c h e s  t h e  bounded c i r c l e s  a t  ( n - 1 )  

p o i n t s  f o r  f o r w a r d  w h i r l  and ( n + l )  p o i n t s  f o r  backward w h i r l  

( S e e  T o n d l ,  1 9 7 3 ) .  The s h a f t  c e n t e r  t r a j e c t o r y  is s t u d i e d  t o  

i d e n t i f y  t h e  s u b h a r m o n i c  r e s p o n s e s  and  t o  compare t h e  a m p l i t u d e  

be tween t h e  h a r m o n i c  r e s p o n s e  and t h e  l / n  o r d e r  s u b h a r m o n i c  

r e s p o n s e  w i t h  v a r i o u s  v a l u e s  o f  t h e  s i d e  f o r c e ,  g a p  s i z e  and 

e c c e n t r i c i t y  n e a r  t h e  c r i t i c a l  s p e e d s .  To a l low t h e  o c c u r r e n c e  

of t h e  s u b h a r m o n i c  r e s p o n s e ,  t h e  damping is se t  t o  a smal l  

v a l u e  f o r  a l l  cases. The r e s u l t s  are  shown i n  F i g u r e s  1 3 ,  1 4 ,  

1 5  a n d  1 6 .  T h e s e  f i g u r e s  show t h a t  all s u b h a r m o n i c  r e s p o n s e s  

occur a r o u n d  t h e  s e c o n d  c r i t i c a l  s p e e d  and t h a t  a l l  a re  of t h e  

1 / 2  o r d e r .  I n  F i g u r e  1 3 ,  t h e  ha rmon ic  and subha rmonic  a m p l i -  

t u d e s  are almost o f  t h e  same m a g n i t u d e  f o r  a smal l  s i d e  f o r c e .  

I n  F i g u r e  1 4 ,  t h e  h a r m o n i c  r e s p o n s e  becomes dominan t  when 

r e d u c i n g  t h e  b e a r i n g  c l e a r a n c e  s i z e .  On t h e  c o n t r a r y ,  t h e  1 / 2  

o r d e r  s u b h a r m o n i c  r e s p o n s e  becomes l a r g e r  t h a n  t h e  a m p l i t u d e  of 

t h e  ha rmon ic  component  by i n c r e a s i n g  t h e  c l e a r a n c e  s i z e  as  can 

b e  s e e n  i n  F i g u r e  1 5 .  The g a p  s i z e  h a s  a s i g n i f i c a n t  e f f e c t  on 

t h e  e x i s t e n c e  o f  t h e  1 / 2  o r d e r  s u b h a r m o n i c s  i n  t h e  HPOTP model  
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Figure 13. Trajectory for subharmonic motion of order 1/2; 
gap = 0.5 mils, eccentricity = 0.5 mils, 
side force = 10 lbs., speed = 4210 rad/sec. 
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F i g u r e  1 4 .  T r a j e c t o r y  f o r  s u b h a r m o n i c  m o t i o n  of o r d e r  1/2; 
g a p  = 0 . 2  m i l s ,  e c c e n t r i c i t y  = 0 . 5  m i l s ,  
s i d e  f o r c e  = 1 0  lbs., s p e e d  = 4 2 1 0  r a d / s e c .  



I 

F i g u r e  IS. T r a j e c t o r y  f o r  s u b h a r n o n i c  mot ion  of o r d e r  1 / 2 ;  
gap  = 0 . 7  m i l s ,  e c c e n t r i c i t y  = 0 . 5  m i l s ,  
s i d e  f o r c e  = 1 0  lbs., s p e e d  = 4 2 1 0  r a d / s e c .  
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Figure 16. Trajectory fo r  subharmonic motion of order 1/2; 
gap = 0.5 mils, eccentricity = 0.5 mils, 
side force = 100 lbs., speed = 4210 rad/sec. 
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r e g a r d l e s s  of t h e  s i d e  f o r c e .  I n  F i g u r e  1 6 ,  t h e  s i d e  f o r c e  is 

r a i s e d  t o  t e n  times t h a t  o f  F i g u r e  13. I n  t h a t  case ,  t h e  

r e s u l t s  show t h e  a m p l i t u d e  o f  t h e  subha rmonic  r e s p o n s e  becoming 

s l i g h t l y  l a r g e r  t h a n  t h e  ha rmon ic  r e s p o n s e .  T h i s  r e s u l t  

r e v e a l s  t h a t  t h e  s i d e  force a l s o  h a s  some i n f l u e n c e  on w h e t h e r  

any  s u b h a r m o n i c  r e s p o n s e  o c c u r s .  

More d e t a i l e d  i n v e s t i g a t i o n  compar ing  t h e  e f f e c t s  o f  t h e  

s i d e  f o r c e  and  g a p  s i z e  is s t u d i e d  and t h e  r e s u l t s  are  shown i n  

F i g u r e  1 7 .  The f i g u r e  shows t h a t  t h e  s i d e  force h a s  a s i g n i f i -  

c a n t  e f f e c t  on t h e  e x i s t e n c e  o f  t h e  1 / 2  o r d e r  s u b h a r m o n i c  

r e s p o n s e .  Around 200  l b s .  s i d e  f o r c e  and 0.5-0.7 m i l s  o f  g a p  

s i z e  is t h e  r e g i o n  which  i n d u c e s  t h e  l a r g e  a m p l i t u d e  of  t h e  1 / 2  

o r d e r  s u b h a r m o n i c .  E x c e s s i v e  s i d e  f o r c e ,  l a r g e r  t h a n  400 l b s .  

w i l l  c a u s e  a r e d u c t i o n  o f  t h e  subha rmonic  r e s p o n s e s .  . With 

c o n s t a n t  g a p  s i z e  and  e c c e n t r i c i t y ,  t h e r e  e x i s t s  a c e r t a i n  

r a n g e  o f  s i d e  f o r c e  r e g i o n  i n  which l a r g e r  subha rmonic  r e s p o n s e  

would occur .  T h i s  a g r e e s  w i t h  resu l t s  p r e s e n t e d  by Choi and 

Noah ( 1 9 8 7 ) .  

The e f f e c t  o f  e c c e n t r i c i t y  on t h e  e x i s t e n c e  o f  t h e  1 / 2  

o r d e r  s u b h a r m o n i c  r e s p o n s e  w i t h  v a r i a t i o n  o f  t h e  s i d e  f o r c e  is  

shown i n  F i g u r e  18. The f i g u r e  shows t h a t  t h e  e c c e n t r i c i t y  h a s  

t h e  e f f e c t  o f  s h i f t i n g  t h e  l o c a t i o n  of t h e  maximum s u b h a r m o n i c  

r e s p o n s e  t o  t h e  r i g h t .  The s i d e  f o r c e  r a n g e s  a t  which t h e  

maximum 1 / 2  o r d e r  s u b h a r m o n i c  r e s p o n s e  o c c u r s  are d i f f e r e n t  f o r  

e a c h  e c c e n t r i c i t y .  The f i g u r e  a l s o  shows t h a t  t h e  l a rge r  

e c c e n t r i c i t y  is t h e  lower t h e  subha rmonic  r e s p o n s e  w i l l  b e .  
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F i g u r e  17 .  Gap s i z e  effect on subharmonic motion of o r d e r  1 / 2 ;  
eccentricity = 0.5 mils, s p e e d  = 4210 rad/sec. 
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Figure 18. Mass eccentricity effect on subharmonic motion of 
order 1/2; gap size = 0.5 mils, speed = 4210 rad/ 
sec 
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This may be explained by the fact that larger response 

amplitude due to larger eccentricity induces more contact 

causing the system to become relatively weakly nonlinear 

resulting in a lesser subharmonic amplitude. It may therefore 

be necessary to reduce the gap size and side forces in any 

proposed design or maintainance criteria in order to eliminate 

dangerous subharmonic responses. 
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I 5. CONCLUSIONS AND RECOMMENDATIONS 

5.1 Conclusions 

The hybrid convolution approach developed in this study is 

shown to provide an efficient closed form integral formulation 

for determining the transient response of linear systems 

coupled through local nonlinearities. A typical application in 

which the present method proved quite effective is the determi- 

nation of the transient response of a generic model of the high 

pressure oxygen turbopump (HPOTP) of a space shuttle main 

engine (SSME) in presence of bearing clearances, constituting 

the local nonlinearities. Substantial savings in computation 

time were achieved as compared with direct numerical integra- 

tion techniques. 

The use of the transition matrix allows the representation 

of rotors involving skew-symmetric matrices of gyroscopic loads 

or other nonconservative systems with g e n e r a l  velocity coeffi- 

cient matrices. A Duhamel integral would represent quite 

effectively other systems with classical modes, such as the 

housing of the HPOTP or other nonrotating, proportionally 

damped structures. The convolution formulation allows accom- 

modating with ease changes in the nonlinear or linear coupling 

parameters among the various linear subsystems involved. 

Possible improvement of the method could be achieved 

through replacement or optimization of the iteration procedure 

utilized in this study. 
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The r e s u l t s  shown h e r e  show t h a t  t h e  p r e s e n c e  o f  b e a r i n g  

c l e a r a n c e  c a n  d r a s t i c a l l y  a l t e r  t h e  ro tor  r e s p o n s e  i n  t h e  

HPOTP. As n o t e d  by I s h i d a  -- e t  a l .  ( 1 9 8 7 )  f o r  a s i m p l e r  s y s t e m ,  

it is more d i f f i c u l t  t o  go t h r o u g h  a c r i t i c a l  speed i n  t h e  

p r e s e n c e  o f  t h e  n o n l i n e a r i t y .  

An e f f e c t i v e  n u m e r i c a l  ha rmon ic  b a l a n c e  a l g o r i t h m  f o r  

d e t e r m i n i n g  t h e  s t e a d y - s t a t e  f o r c e d  v i b r a t i o n  o f  a h i g h l y  

n o n l i n e a r  m u l t i  deg ree -o f - f r eedom rotor  s y s t e m  h a s  been  d e v e l -  

o p e d .  The r e s u l t s  show t h a t  t h e  method is c o m p u t a t i o n a l l y  

s u p e r i o r  t o  t h a t  of any  d i r e c t  n u m e r i c a l  i n t e g r a t i o n  me thod .  

I n  a d d i t i o n ,  t h e  c o m p l i c a t e d  n o n l i n e a r  s t e a d y - s t a t e  p e r i o d i c  

m o t i o n s  o f  m u l t i  d e g r e e - o f - f r e e d o m  ro tor  s y s t e m s  c a n  r e a d i l y  b e  

s t u d i e d  u s i n g  t h e  p r e s e n t  method.  

I t  is shown t h a t  d a n g e r o u s  subha rmonic  r e s o n a n c e s  may 

o c c u r  f o r  t h e  HPOTP i n  t h e  p r e s e n c e  o f  b e a r i n g  c l e a r a n c e s ,  mass 

e c c e n t r i c i t i e s ,  and f l u i d  s i d e  f o r c e s .  The r e s u l t s  show t h a t  

t h e  r a n g e s  o f  t h e  above  t h r e e  p a r a m e t e r s  a r e  m u t u a l l y  r e l a t e d  

i n  i n f l u e n c i n g  t h e  s u b h a r m o n i c  o c c u r r e n c e .  I n  p a r t i c u l a r ,  t h e  

b e a r i n g  c l e a r a n c e  s i z e  t o  s h a f t  a m p l i t u d e s  a t  t h e  b e a r i n g ,  t h e  

l oca l  s t i f f n e s s  a t  t h e  b e a r i n g s ,  and t h e  s i d e  f o r c e s ,  were 

found  t o  h i g h l y  i n f l u e n c e  t h e  d e g r e e  o f  n o n l i n e a r i t y  i n  t h e  

ro tor  s y s t e m  and t h e r e f o r e  d e t e r m i n e  its r e s p o n s e  and  

s t a b i l i t y  . 
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5 . 2  Recommendat ions 

I t  is recommended t h a t  f u t u r e  s t u d i e s  s h o u l d  i n c l u d e  t h e  

f o l l o w i n g :  

1. R e p r e s e n t  r o to r  and  h o u s i n g  mode l s  i n  terms of t h e i r  

l i nea r  modal  c o o r d i n a t e s  as  u t i l i z e d  i n  t h e  t u r b o -  

pumps o f  t h e  SSME. 

2 .  Deve lop  c o m p u t a t i o n a l - F l o q u e t  o r  a l t e r n a t i v e  a n a l y s i s  

t e c h n i q u e s  f o r  d e t e r m i n i n g  t h e  s t a b i l i t y  o f  t h e  

p e r i o d i c  s y n c h r o n o u s  and s u b s y n c h r o n o u s  r e s p o n s e  of 

r o t o r - h o u s i n g  s y s t e m s .  F u r t h e r  r e f i n e  t h e  computa- 

t i o n a l  h a r m o n i c  b a l a n c e  method f o r  a c h i e v i n g  more 

c o n t r o l l e d  a c c u r a c y ,  p a r t i c u l a r l y  w i t h i n  t h e  reso- 

n a n c e  p a r a m e t e r  r e g i o n s .  

3. Deve lop  method f o r  d e t e r m i n i n g  t h e  a p e r i o d i c  r e s p o n s e  

and c r i t e r i a  f o r  d e t e c t i n g  o n s e t  of  p r o b a b l e  c h a o t i c  

m o t i o n s .  

4. Per fo rm e x t e n s i v e  p a r a m e t r i c  s t u d i e s  of t h e  s t e a d y  

s t a t e  ( p e r i o d i c ,  a p e r i o d i c  and c h a o t i c )  and  t r a n s i e n t  

r e s p o n s e s  of t h e  a c t u a l  SSME tu rbopumps  to  c o m p l e t e l y  

c h a r a c t e r i z e  t h e i r  dynamic b e h a v i o r  f o r  e x i s t i n g  and 

p r o p o s e d  d e s i g n  m o d i f i c a t i o n s .  
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APPENDIX A 

DISCRETIZED FORM OF TRANSITION MATRIX FORMULATION 

The solution of the first order differential equations in 

vector form, or 

can be written as 

The solution of Eq. ( A 2 )  is casted in discretized form as 

where T = ti+l - ti 
Take the forcing function as linear within each increment T, or 

Substitute (A4) into (A31 to yield 
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l. 

I .  

= - (e [OI - e  [ a m )  [a]-l 

-1 = (e - [‘I.l)[a] 
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Similarly, 

Substituting (A6) and ( A 7 )  into (AS) yields 
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APPENDIX B 

D I S C R E T I Z E D  FORM OF THE DUHAMEL INTEGRAL SOLUTION 

C o n s i d e r  t h e  u n c o u p l e d  set  of d i f f e r e n t i a l  equa t ions  i n  

terms of t h e  g e n e r a l i z e d  coordinates { q }  

w h e r e  

[ D l  = [‘C.I = [‘25Wn.] 

Wn: undamped n a t u r a l  f r e q u e n c y  [ ./L.] = [‘Wn.l 2 

The s o l u t i o n  of (Bl) is  

where  ud = damped n a t u r a l  f r e q u e n c y .  

S i n  u d ( t - T ) . ] { P ( T ) } d T  ( B 3 )  1 - S u n ( t - T )  t 
L e t  { h ( t ) }  = 1 [’- e 

0 Ud 

P ( t )  is l i n e a r l i z e d  so t h a t  

T - t i  

{ P ( t ) )  = {Pi  + - T (’i+l - P i ) }  
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Substituting P(t) into ( B 3 )  and casting it in discretized form, 

one obtains 

r-ti 
{Pi+ - T (Pi+l - Pi))dr 

or 

For the velocity, 

Let h(t) and Ah(t) stand for elements in vectors {h(t)} and 

{Ah(t)}, respectively, and Pi for an element of {Pi), then 

T-t 
[Pi + 2 T (Pi+l- Pi)ld~ 

T-t i [Pi + - T 

Ah(t) = - e-Ewnt (INT1 + INT2) 
Wd 
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In INT1, 

ti+l ti+l 

ti ti 
= sinbt I ear cos bTdT - cos bt 1 eaT(sin bT)dT (B9) 

Then, from eq. (B6),(B7) and using equation ( B 9  ( B10 

INTl = [Pi - - ti - Pi)] /ti+1 e Sin Od ( t - T )  dT 
T ('i+l L .  

ti - pi)]tsinbt [eati+l (a cosbti+l + b sinbti+l) 2 2  = [Pi - - T ('i+l a +b 

- eati(a sinbti - b cosbti)] ] 



= s i n b t  J ti+1 T e a T  c o s b T  dT - cosbt  J ti+1 ~e~~ s i n b T d T  ( B 1 2 )  
t i  t i  

eaT sinbt  
= 2 2 1  a 2 + b 2  a + b  

?eaT(a  cos b T  + b s i n  b f )  - . 

2 2 ( a  cos b T  + 2 a b  s i n  b T  - b cos b T ) )  

eaT 
2 2 '  

'Osbt 

a + b  
TeaT(a  s i n  b T  - b COS b T )  - 

a +b - 2 2 1  

2 2 ( a  s i n  b-r - 2 a b  cos b T  - b cos b T ) )  

From e q .  ( B 6 ) , ( B 7 )  a n d  r e a r r a n g i n g  

a t  e l + l ( a  COS b t i + l  + b s i n  b t i + l )  - 'i+l-'i s i n b t  
2 2 I t i + l  - 

a +b T 

.ati+l 2 2 - ( a  COS b t i + l  + 2 a b  s i n  b t i + l  - b COS b t i + l )  
a 2 + b 2  

e a t i  
2 2 '  

- ti  ea t i  ( a  COS b t i  + b s i n  b t i )  + 
a +b 

2 c o s b t  
2 2  ( a  cos b t i  + 2 a b  s i n  b t i  - b 2  c o s  b t i ) l  - 

a +b 
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2 e a t i + l  2 

a 2 + b 2  
( a  s i n  b t i + l  - 2ab cos b t i + l  - b s i n  b t i + l )  - 

,'ti - t i  eati  ( a  s i n  b t i  - b COS b t i )  + . 
a +b 

2 (B13) ( a  2 s i n  b t i  - 2ab COS b t i  - b s i n  b t i ) ] }  

The sum INTl + INT2 is c a l c u l a t e d  f rom e q u a t i o n ~ ( B l l ) a n d ( B 1 3 ) .  

L e t  

( p i + p i  1 
T - ea t i  ( a  COS b t i  + b s i n  b t i ) l  + 

ea t i+ l  ( a  cos b t i + l  + b s i n  b t i + l )  [ t i+l  

e a t i + l  2 2 ( a  C O S  b t i + l  + 2ab s i n  b t i + l  - b COS b t i + l )  - 
a 2 + b 2  

a t i  
- t .  e a t i  ( a  cos b t i  + b s i n  b t i )  + e . 

1 
a +b 

( a  2 cos b t i  + 2ab s i n  b t i  - b 2 cos b t i ) l  

= ea t i+ l  ( a  cos b t i + l  + b s i n  b t i + l )  . 
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'i+l-'i 1 2 
2 2  ( a  COS b t i + l  + 2ab sin b t i + l  

a +b T + 

pi+l-pi 1 
2 2 .  

- Pi eati  ( a  cos b t i  + b sin b t i )  + 
a +b 

( a 2  cos b t i  + 2ab sin b t i  - b 2 cos b t i )  e a t i  ( B l 5 ) .  

SUMC = [ P i  - - t i  ( P i + l  - P i ) ]  [eati+l ( a  sin b t i + l  - b COS b t i + l )  
T 

( P i + l - P i  1 
T 

- eati  ( a  s i n  b t i  - b COS b t i ) ]  + 

i t i + l  ea t i+ l  ( a  sin b t i + l  - b COS b t i + l )  

e a t i  
a 

2 2  
- t .  eati ( a  sin b t i  - b cos b t i )  + 

1 
a +b 

( a  2 sin b t i  - 2ab cos b t i  - b 2 sin b t i ) ]  

= ea t i+ l  ( a  sin b t i + l  - b COS b t i + l )  . 
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' i + l  - 
( p i + l - P i  1 t i  ti+l 1 T 

+ [Pi  - T 

'i+l-'i 1 2 
2 2  ( a  s i n  b t i + l  - 2 a b  cos b t i + l  

a +b T + 

- b 2 sin b t i + l ) ( - e  a t i + l )  

'i+l-'i 1 - P. ea t i  ( a  s i n  b t i  - b c o s  b t i )  + 2 2 .  a +b 1 T 

( B 1 6 )  2 a t i  ( a 2  s i n  b t i  - 2 a b  cos b t i  - b s i n  b t i )  e 

S u b s t i t u t e  INTl  a n d  INT2 i n  eq. ( B 1 5 )  a n d  ( B 1 6 )  i n t o  eq. ( B 7 )  

a n d  r eca l l  t h a t  a = S n b n  a n d  b = Wd, o n e  a r r i v e s  a t  

e -at e a t i + l  s i n  b t  - e -a t  . a t i+ l  cos b t  
2 2  * i + l  2 2  B i + l  b ( a  +b ) 

. h h ( t )  = 
b ( a  +b 

w h e r e  

* i + l  - 'i+l ( a  cos b t i + l  + b s i n  b t i + l )  - 

2 2 2 2  ( a  cos b t i + l  + 2ab s i n  b t i + l  - b cos b t i + l )  
' i + l  - Pi - 
T ( a  +b ) 

2 - Pi ' i + l  -aT 2 ( a  cos b t , +  2 a b  s i n  b t , -  b cos b t , )  7 7  e + 
l. l. l. T( a L + b L  ) 

-aT - P .  e ( a  cos b t i  + b s i n  b t i )  1 
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Bi+l - 'i+l ( a  s i n  b t i + l  - b COS b t i + l )  - 

2 - 2 a b  cos b t i + l  - b ( a  s i n  b t i+ l  s i n  b t i + l )  
2 - Pi - 'i+l 

2 2  T ( a  +b ) 

-aT 2 2 - Pi 'i+l 
T ( a  +b ) 

e ( a  s i n  b t i -  2 a b  cos b t i -  b s i n  b t i )  2 2  + 

( B 1 9 )  -aT - P .  1 e ( a  s i n  b t i  - b cos b t i )  

Take  d e r i v a t i v e  of ( B 1 7 ) ,  

e a t i + l  - a t  
b ( a  +b 1 

( - ae -at s i n  b t  + b e cos b t )  Ai+l 2 2  L \ h ( t )  = 

(I3201 s i n  b t )  B i + l  a t i + l  -a t  e 
b ( a  +b 1 

( ae-at cos b t  + b e 2 2  + 

F o r  t = NT, f r o m  ( B 3 ) ,  N is a n  a r b i t r a r y  i n t e g e r ,  

(B22 1 cos b t  - a t  e 
2 2  , f c ( t )  = 

- a t  

2 2  b ( a  +b b ( a  +b 
s i n  b t  e L e t  f s ( t )  = 
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Substitute eq. ( B 1 7 ) ,  (B22) into (B21) yields 

aT aT 
= fs(t) e A1 - fc(t) e B1 h(t) 

t=NT 

a( 2T) + fs(t) e a(2T)A2 - fc(t) e B2 

aNT 
BN AN - fc(t) e aNT + ..... fs(t)e 

aNT A 2  + ... e = fs(t) [eaT A~ + e a2T 

aNT 
BN I B2 + ... + e + fc(t) [eaTBl + e a 2T 

-aNT in (B22) f o r  t = NT, then ea. (B23) becomes -at = e Since e 

A2 + ... + ANI -a(N-2)T 
[ e  

- sin bt - 
h(t)t=NT b(a 2 2  +b 

-a(N-2)T [ e  -a(N-l)T B 1  + e B 2  + ... + B N ]  
cos bt 

2 2  b ( a  +b 1 
+ 

Now, consider t = (N+l)T, equation ( B 2 l )  is written a s  

T 2T 

0 
= [*I d'l- + 1 [ * I  d T  + .... + h (  t, t= (N+l)T 

(N+l)T 

NT 
[ * I  d T  + I P I  dT INT 

(N-l)T 
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Equation (B23) is then written as 

a(N+l)T = fs(t) [e aT A I  + ..... + e aNT A~~ + e AN+ll h( t, t=( N+1 ) T  

(B27) a ( N+l ) T 
BN+l + fc(t) [eaT B~ + ..... + e aNT B~ + e 

- a t  -a ( N+1) T Since e = e  I eq. (B26) takes the form 

+ AN+ll A2 + 0 . 0  

-a ( N-1 ) T - - sin bt A~ + e h(t)t=(N+l)T b(a 2 2  +b 

-a ( N-1 ) T [e-aNT B~ + e B2 + . . . + BN+ll cos bt 
2 2  + 

b(a +b 

E2 + ... + BN+ll 
-aT -a(N-l)T + e -a ( N-2 ) T 

[e (e B1 
cos bt 
b(a +b ) 

2 2  + 

From (B25) and B28) the following equation for t=(N+2)T can be 

written as 
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where  

- a ( N - l ) T  EBN = e -a ( N - 2  ) T 
BN B1 + e B2 + ..... ( B 3 1 )  

And AN,  BN a r e  d e f i n e d  i n  e q .  ( B 1 8 ) ,  ( ~ 1 9 ) .  

F i n a l l y ,  o n e  a r r i v e s  a t  

cos b t  
b ( a  +b 1 

s i n  b t  

b ( a  +b ) 
2 2 EBPJ 2 2 EAPJ + 

h ( t )  = 

; t = NT, T is t h e  t i m e  s t e p  ( B 3 2 )  

where  EAN, EBtJ a re  d e f i n e d  i n  ( B 3 1 )  and c a n  be c a l c u l a t e d  

d i r e c t l y  from p r e v i o u s  EA 

t h a t  i s ,  

a n d  EB 
N- 1 N - 1  

of t i m e  t = ( N - l ) T ,  

( B 3 3 )  
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. 
The same p r o c e d u r e  c a n  b e  f o l l o w e d  t o  o b t a i n  h ( t )  s t a r t i n g  from 
e q .  (B20) w i t h  t h e  r e s u l t  

. . EBN a cos b t  + b s i n  b t  
2 2  b ( a  + b  1 

. EAN + -a s i n  b t  + b cos b t  
2 2  h ( t )  = 

b ( a  +b 1 

: t = NT, T is time s t e p  ( B 3 4 )  

Eq. (B32) is  w r i t t e n  in v e c t o r  form and is s u b s t i t u t e d  i n t o  

(E21 t o  y i e l d  

['- e s i n  Qdt.1 
@d 

. E B N }  , t = NT cos b t  
2 2  b ( a  +b 1 

. EAN + s i n  b t  

+ i  b ( a  2 +b 2 1 
F o r  ( q } ,  d e r i v a t i v e  o f ( B 2 )  for t h e  f i r s t  t w o  terns a t  t h e  r i g h t  

hand s i d e  is t a k e n  and t h e n  s u b s t i t u t i o n  is made of ea. ( B 3 4 )  

i n t o  t h e  r e s u l t i n g  r e l a t i o n s h i p  t o  y i e l d  

' EBNI 
a cos b t  + b s i n  b t  

2 2  . EAN + -a s i n  b t  + b cos b t  
b ( a  +b ) 2 2  b ( a  +b 1 

+ t  
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Equations (B35) and (B36) are written in discretized form, and 

recalling that a = &nunl b = ud, t = ti+l = (N+l)T, one can 

write 

sin bti+l cos bti+l 

b(a +b ) +- { 2 2 EAN+l + b(a 2 +b 2 EBN+lJ 

-at. {q(ti+l)} = ['-e 1+1 ( a  cos bti+l + b sin bti+l.l{q(0)} 

-a s i n  bti+l + b cos bti+l 
2 2  ' E A N + l  + t  

b(a +b ) 

a cos bti+l + b sin bti+l 
b(a2+b2) + %+1J 

where 

EA, EB are defined in (B30),(B31) and A ,  B in (B30),(B31) are 

defined in (Bl8), (B19). 
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APPENDIX C 

FOURTH ORDER RUNGE-KUTTA WITH ITERATION 

The e q u a t i o n s  o f m o t i o n  fo r  b o t h  h o u s i n g  and  motor c a n  be 

cas t  i n  t h e  f i r s t  order form 

. 
y = f ( t , Y )  

For t h e  c o e f f i c i e n t s  K2 and  K 3  of t h e  4 t h  order Runge- 

K u t t a  Method, t h e  c o u p l i n g  forces i n  t h e  r i g h t  hand s ide o f  

e q u a t i o n  ( C 1 )  are  assumed t o  be l i n e a r  w i t h i n  e a c h  t i m e  i n c r e -  

men t  T = ti+l - t i .  The p h y s i c a l  c o u p l i n g  forces ,  ( F I )  a t  

t i m e  ti + T/2 a re  assumed t h e n  as 




